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Ahmad and Imdad and Ahmed and Khan have studied coincidences and fixed
points of nonself hybrid contractions on metrically convex spaces. However, most
of their main theorems contain errors and admit counterexamples. In this paper,
we rectify these results and obtain coincidence and fixed point theorems on a more
general setting.  2001 Academic Press
INTRODUCTION
The study of fixed points of nonself multivalued contractions on metri-
 cally convex spaces was initiated by Assad and Kirk 4 , and subsequently, a
number of fixed point theorems for such maps were obtained in 3, 5, 6, 8,
 Ž  .13, 19 and others see also 7, 14 . Hybrid fixed point theory for nonlinear
single-valued and multivalued operators is a new development in the
Ž domain of contractive type multivalued theory see, for instance, 7, 12, 17,
 .18 , and references therein . Combining the ideas behind these two devel-
 opments, Ahmed and Khan 2 have recently studied coincidences and
fixed points of weakly commuting and compatible nonself generalized
hybrid contractions for a pair of maps in metrically convex spaces. These
results are further extended to a quadruplet of maps by Ahmad and Imdad
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   1 . However, most of their main theorems in 1, 2 contain some errors,
and the main purpose of this paper is to present corrected versions of
these results under weaker conditions.
PRELIMINARIES
 We generally follow the definitions and notations used in 1, 2 . Given a
Ž . Ž Ž . . Ž Ž . . Ž Ž . .metric space X, d , let C X , H , CB X , H , and CL X , H denote
respectively the hyperspaces of nonempty compact, nonempty closed
bounded, and nonempty closed subsets of X, where H is the Hausdorff
Ž Ž . .metric induced by d. The space CL X , H contains the other two spaces.
Ž .Throughout, d A, B will denote the ordinary distance between nonempty
Ž . Ž .  4subsets A and B of X while d x, B stands for d A, B when A x ,
Ž .the singleton set. For any A X,  A will denote the boundary of A. For
 details of hyperspaces one may refer to 15 .
   Following Hadzic and Gajic 6 and Pant 16 , we introduce the notion ofˇ´ ´
R-weak commutativity of a hybrid pair of single-valued and multivalued
maps.
DEFINITION 1. Let K be a nonempty subset of a metric space X, T :
Ž .K X and F: K CL X . Then T and F will be called pointwise
R-weakly commuting on K if given x K and Tx K , there exists R 0
such that
d Ty , FTx  Rd Fx , Tx for each y K	 Fx . 1Ž . Ž . Ž .
Maps T and F will be called R-weakly commuting on K if for each
Ž .x K , Tx K and 1 holds for some R 0.
If R 1, we get the definition of weak commutativity of F and T on K
  Ž  .due to Hadzic and Gajic 6 see 1, 2 . If F: X X and T : X X thenˇ´ ´
we get the definition of pointwise R-weak commutativity and R-weak
 commutativity of single-valued selfmaps due to Pant 16 . He has observed
that the pointwise R-weak commutativity is more general than their
 compatibility. For details on compatibility of a hybrid pair, refer to 6, 12 .
 It appears that Ahmad and Imdad 1 have considered a hybrid pair T , F
commuting in the sense FTx TFx, and we shall follow the same notion
 throughout this paper. Following Jungck 10 and Jungck and Rhoades
 11 , we have the following definition.
Ž .DEFINITION 2. Maps T : K X and F: K CL X are weakly com-
patible if they commute at their coincidence points, i.e., if TFx FTx
whenever Tx Fx.
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For an excellent discussion on the role of weak compatibility in fixed
 point considerations, one may refer to 11 when T : X X and F:
Ž .X B X , the set of all nonempty bounded subsets of X. We remark that
commutativity
 weak commutativity compatibility weak compatibility.
However, the reverse implication is not true. Nevertheless, all these
Žnotions for T and F are equivalent at a coincidence point z that is, when
.Tz Fz . Further, if T and F both are single-valued maps then weak
compatibility of T and F is equivalent to R-weak commutativity of T and
Ž .F at their coincidence points. Example 1 below shows that an R-weakly
commuting hybrid pair T , F need not be weakly compatible. Indeed,
R-weak commutativity of a hybrid pair of maps at coincidence points is
more general than their weak compatibility. Following Itoh and Takahashi
 9 , we have the following:
Ž .DEFINITION 3. Maps T : K X and F: K CL X are commuting at
a point x K if TFx FTx whenever Fx K and Tx K. T and F are
commuting on K if they are commuting at each point x K.
From now onward, the above commutativity will be called ItohTaka-
Ž .hashi commutativity or simply IT -commutativity.
Ž .The following example shows that IT -commutativity of T and F at a
coincidence point is indeed more general than their weak compatibility at
the same point.
 .EXAMPLE 1. Let X 0, with the usual metric d and Tx 4 x,
 .Fx 3
 x, , x X. Then T1 F1, TF1 FT1, and T , F are IT-com-
Ž .muting at x 1. The inequality 1 is also satisfied for x 1, and T , F are
R-weakly commuting at x 1. Notice that T , F are not weakly compatible
since TF1 FT1.
Ž . Ž .We remark that, in view of 1 , IT -commutativity of T , F at a coinci-
dence point z is equivalent to their R-weak commutativity at z.
MAIN RESULTS
 The following is the main result of Ahmad and Imdad 1, Theorem 3.1 .
Ž .THEOREM A. Let X, d be a complete metrically conex metric space, K
Ž .a nonempty closed subset of X, F, G: K CB X , and S, T : K X such
that
H Fx , Gy  d Tx , Sy 
  d Tx , Fx 
 d Sy , GyŽ . Ž . Ž . Ž .

  d Tx , Gy 
 d Sy , Fx 2Ž . Ž . Ž .
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for each x, y K , where  ,  ,  are nonnegatie real numbers such that

 2







   1    1. 4Ž . Ž . Ž . Ž .Ž .
Suppose that
Ž .i K SK	 TK , FK	 K SK , GK	 K TK ;
Ž .ii Tx K Fx K , Sx KGx K ;
Ž . Ž . Ž .iii F, T and G, S are weakly commuting pairs;
Ž .iv T and S are continuous on K.
Then there exists a point z in K such that z Sz Tz Fz	Gz.
 Theorem A with FG and S T is 2, Theorem 3.1 with a slight
Ž . difference in condition i . First we show that Theorem A and 2, Theorem
3.1 both admit a counterexample.
   .EXAMPLE 2 17, Example 2.4 . Let X 0, with the absolute value
   4metric d, K 0, 1 and Fx 0, 1 , Tx 1 x, x K. Then, for each
x, y K ,
H Fx , Fy  0 d Tx , TyŽ . Ž .
Ž . Ž .shows that 2  4 are satisfied with   0 and 0  1. Notice that
Ž . Ž .K FK TK K , and so conditions i , ii are easily verified. Condi-
Ž . Ž .tions iii and iv are also satisfied since maps F and T are commuting
and continuous. Evidently, F and T do not have a common fixed point.
 The following is another main result of 1, Theorem 3.2 .
THEOREM B. If in Theorem A we add the continuity of F and G and
replace ‘‘weak commutatiity’’ by ‘‘compatibility,’’ then there exists a point z in
K such that Tz Sz Fz	Gz.
 Theorem B with FG and S T is 2, Theorem 3.2 with a slight
Ž .difference in its condition i ; see Remark 3. The following example shows
that Theorem B in its present form is incorrect.
EXAMPLE 3. Take X, K , F, and T as in Example 2. Let S: K X be
Ž . Ž .such that Sx x. Then for each x, y K and any  0, 1 , H Fx, Fy 
Ž .0 d Tx, Sy , F commutes with each of S and T , and F, S, T are
continuous. Now it is easily seen that all conditions of Theorem B with
FG are satisfied but there does not exist any z K such that Sz Tz
 Fz. Notice that S0 F0, T 0 F0 but S0 T 0 and S1 F1, T1 F1
but S1 T1.
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 Example 2 also shows that 1, Theorem 3.3; 2, Theorem 3.3 are in
Ž Ž . .general false. Indeed, in view of the fact that the hyperspace CB X , H
Ž Ž . .  contains C X , H , 1, Theorem 3.3 is a special case of Theorem A.
 Examples 2 and 3 show that 1, Theorem 3.5 is also false in its present
form.
 The main problem in Theorem A 1, Theorem 3.1 is that its proof
contains fatal errors on pp. 553554. For example, ‘‘in order to show that
 Sz z,’’ the authors 1, p. 553 consider
d Sz , y  d Sz , GSx 
H GSx , FxŽ . Ž . Ž .2 n 
1 2 n 1 2 n 1 2 nk k k k
for y  Fx 	 K. This means that they are using the property:2 n 
1 2 nk k
d a, b  d a, A 
H A , B , *Ž . Ž . Ž . Ž .
Ž . Ž .where A, B CB X , a K , and b B. But * is in general not true;
    Ž .for taking A 0, 1 , B 0, 1110 , a 0, b 1110, * implies 1110
 110 which is absurd. Similar errors occur in 1, Theorems 3.2, 3.3, and
3.5; 2, Theorems 3.1 and 3.3 .
  Ž . Ž . Ž .Remark 1. In 1 , F, G satisfying 2 and 3 is called a generalized
Ž . Ž .S, T -contraction pair of K into CB X . For nonnegative real numbers
Ž . Ž . Ž . ,  ,  , the condition 4 implies 3 . Thus the condition 3 in Theorem A
 is redundant. This observation applies to all other results given in 1, 2
Ž . Ž . Ž . Ž .using 3 and 4 both. It may be mentioned that 3 need not imply 4 ; for
Ž . Ž .example, 3 is satisfied for  14,   18 but not 4 .
Ž .In all that follows, C T , F stands for the set of coincidence points of
Ž .  4the maps T and F, that is, C T , F  z: Tz Fz .
The following is a corrected and substantially improved version of
 Theorems A, B, and 1, Theorem 3.3 .
Ž .THEOREM 1. Let X, d be a complete metrically conex metric space, K
Ž .a nonempty closed subset of X, F, G: K CL X , and S, T : K X such
Ž . Ž .Ž . Ž .that 2 , 4 i , and ii are satisfied. If
Ž .v either TK and SK or FK and GK are closed subspaces of X, then
Ž .Ia F and T hae a coincidence;
Ž .Ib G and S hae a coincidence.
Further,
Ž .Ic F and T hae a common fixed point T proided TT  T and
Ž . Ž .T and F are IT -commuting at   C T , F ;
Ž .Id G and S hae a common fixed point Sw, proided SSw Sw
Ž . Ž .and S and G are IT -commuting at w C S, G ;
Ž . Ž .Ie S, T , F, and G hae a common fixed point, proided Ic and
Ž .Id both are true.
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 Proof. Following the proof of 1, Theorem 3.1 , for a point x  K , we0
 4  4construct sequences x and y such thatn n
y Gx , y  Fx ,2 n 2 n1 2 n
1 2 n
 4P  Tx  Tx : Tx  y , 40 2 i 2 n 2 i 2 i





   4Further, as shown in 1 , z is a Cauchy sequence, where z n 2 n
 4Tx , z  Sx , and there exists at least one subsequence Tx or2 n 2 n
1 2 n
1 2 nk
 4Sx which is contained in P or Q , respectively.2 n 
1 0 0k
 4First we suppose that there exists a subsequence Tx which is2 nk
 4contained in P , and TK , SK are closed subspaces of X. Since Tx is0 2 nk
Ž . 1Cauchy in TK , it converges to a point u TK. Let   T u. Then
 4u T . Since Sx is a subsequence of the Cauchy sequence2 n 
1k
 4  4 Ž .z , Sx converges to u as well. By 2 ,n 2 n 
1k
d F , Tx H F , GxŽ . Ž .2 n 2 n 1k k
 d T , Sx 
  d T , F 
 d Sx , GxŽ .Ž . Ž .2 n 1 2 n 1 2 n 1k k k

  d T , Gx 
 d Sx , FŽ . Ž .2 n 1 2 n 1k k
 d u , Sx 
  d u , F 
 d Sx , TxŽ .Ž . Ž .2 n 1 2 n 1 2 nk k k

  d u , Tx 
 d Sx , F .Ž . Ž .2 n 2 n 1k k
Ž . Ž . Ž .Making n , we obtain d F , u  
  d u, F , proving u F ,
Ž .since F is closed. This proves Ia .
 4Since the Cauchy sequence z converges to u K and u F ,n
Ž .u FK	 K SK , there exists a w K such that Sw u. By 2 again,
d Sw , Gw  d T , Gw H F , GwŽ . Ž . Ž .
 d T , Sw 
  d T , F 
 d Sw , GwŽ . Ž . Ž .

  d T , Gw 
 d Sw , FŽ . Ž .
 
  d Sw , Gw ,Ž . Ž .
Ž .proving Ib .
In case FK and GK are closed subspaces, then u FK	 K SK or
Ž . Ž .uGK	 K TK , and the above argument establishes Ia and Ib .
 4If we suppose that there exists a subsequence Sx contained in Q ,2 n 
1 0k
 4and TK , SK are closed subspaces of X, then, noting that Sx is a2 n 
1k
Ž . Ž .Cauchy sequence in SK , an analogous argument establishes Ia and Ib .
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Ž . Ž .To prove Ic , note that   C T , F and u T . From this, Tu u,
Ž .and from the IT -commutativity of T and F, we derive
u Tu TT  TF  FT  Fu.
Thus u is a common fixed point of T and F. Similar argument yields
Ž . Ž .u SuGu, proving Id . Now Ie is immediate.
Ž . Ž .Remark 2. There is no improvement in the conclusions Ia  Id when
Ž .FG in Theorem 1 see Example 3 . However, if S T in Theorem 1,
then there is a slight improvement in the conclusions, and we have the
following.
Ž .COROLLARY 1. Let X, d be a complete metrically conex metric space,
Ž .K a nonempty closed subset of X, F, G: K CL X , and T : K X such
Ž . Ž .that 2 with S T and 4 are satisfied. Suppose that
Ž . Ž .vi K TK , FKGK 	 K TK ;
Ž .vii Tx K FxGx K ;
Ž .viii either TK or FK and GK are closed subspaces of X.
Then F, G, and T hae a common coincidence point  . Further, F, G, and T
hae a common fixed point proided T is a fixed point of T and T is
Ž .IT -commuting with each of F and G at  .
Remark 3. Corollary 1 with FG presents a corrected and substan-
 tially improved version of 2, Theorem 3.1 . It also presents a significantly
 improved version of 2, Theorem 3.2 , wherein the assumption ‘‘FK TK ’’
should be corrected to ‘‘FK	 K TK.’’ Notice that F, in the absence of
this correction, will be a selfmap of K when T the identity map on K.
The following is a corrected and improved version of Theorem B.
Ž .THEOREM 2. Let X, d be a complete metrically conex metric space, K
Ž .a nonempty closed subset of X, F, G: K CL X and S, T : K X such
Ž . Ž . Ž . Ž .that 2 , 4 , i , and ii are satisfied. Suppose that
Ž . Ž . Ž .ix T , F and S, G are pointwise R-weakly commuting pairs;
Ž .x maps T , S, F, and G are continuous on K.
Then
Ž .IIa there exists a point z K such that SzGz and Tz Fz.
Further,
Ž .IIb T and F hae a common fixed point proided TTz Tz;
Ž .IIc S and G hae a common fixed point proided SSz Sz;
Ž . Ž .IId S, T , F, and G hae a common fixed point proided IIb and
Ž .IIc both are true.
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Proof. Proceeding as in the proof of Theorem 1, we suppose that there
 4exists a subsequence Tx which is contained in P . Further, subse-2 n 0k
 4  4quences Tx and Sx both converge to a z K , since K is closed2 n 2 n 
1k k
in complete X.
Since Tx Gx 	 K and Sx  K , the pointwise R-weak2 n 2 n 1 2 n 1k k k
commutativity of G and S implies
d STx , GSx  R d Tx , Sx 5Ž .Ž . Ž .2 n 2 n 1 1 2 n 2 n 1k k k k
for some R  0. Also,1
d STx , Gz  d STx , GSx 
H GSx , Gz . 6Ž .Ž . Ž . Ž .2 n 2 n 2 n 1 2 n 1k k k k
Ž . Ž .Making k  in 5 and 6 and using the continuity of S and G, we
Ž .obtain d Sz, Gz  0, yielding SzGz. Since y  Fx 	 K and2 n 
1 2 nk k
Tx  K , the pointwise R-weak commutativity of F and T implies2 nk
d Ty , FTx  R d y , TxŽ . Ž .2 n 
1 2 n 2 2 n 
1 2 nk k k k
for some R  0. Therefore, as previously, the continuity of T and F2
Ž . Ž .implies d Tz, Fz  0, proving Tz Fz. This proves IIa .
 4If we suppose that there exists a subsequence Sx contained in Q ,2 n 
1 0k
Ž .then analogous argument establishes IIa .
If TTz Tz then Tz K. Thus z K and Tz K	 Fz. Now using the
Ž . Ž .R-weak commutativity of T and F at z, d TTz, FTz  R d Fz, Tz for3
Ž .some R  0, whence TTz FTz. This proves IIb . A similar argument3
Ž . Ž .proves IIc . Now IId is immediate.
Ž .COROLLARY 2. Let X, d be a complete metrically conex metric space,
Ž .K a nonempty closed subset of X, F, G: K CL X , and T : K X such
Ž . Ž . Ž . Ž .that 2 with S T , 4 , vi , and vii are satisfied. Suppose that T is
pointwise R-weakly commuting with each of F and G, and maps T , F, and G
are continuous on K. Then F, G, and T hae a common coincidence point z.
Further, F, G, and T hae a common fixed point, proided TTz Tz.
Remark 4. Corollary 2 with FG presents an improved version of 2,
Theorem 3.2 .
 Now we present two improved versions of 1, Corollary 3.4 which come
respectively from Theorems 1 and 2.
COROLLARY 3. Let X be a Banach space, K a nonempty closed subset of
Ž . Ž . Ž . Ž .X, and F, G, S, T single-alued maps from K into X such that 2 , 4 , i , ii ,
Ž .and v are satisfied. Then all the conclusions of Theorem 1 are true.
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COROLLARY 4. Let X be a Banach space, K a nonempty closed subset of
Ž . Ž . Ž . Ž .X, and F, G, S, T single-alued maps from K into X such that 2 , 4 , i , ii ,
Ž . Ž .ix , and x are satisfied. Then F, G, S, and T hae a common fixed point.
The following example shows that, in general, S, T , F, and G satisfying
the hypotheses of Corollary 3 need not have a common coincidence, thus
Ž . Ž .justifying two separate conclusions Ia and Ib for coincidences of single-
valued maps.
 . 2EXAMPLE 4. Let X 0, with the usual metric d and Fx x 

425, Gx x 3 
 425, Sx 5x 3, and Tx 5x 2, x X. Then for any
Ž . Ž . Ž . Ž . Ž .x, y X, d Fx, Gy  15 d Tx, Sy , that is, 2 and 4 are satisfied with
Ž . Ž . Ž . 15 and   0. Further, i , ii , and v are easily verified.
Ž . Ž . Ž 13. Ž 13. 13Evidently, F 15  T 15  15 and G 25  S 25  25 ,
Ž . Ž . Ž . Ž .and Ia  Ic of Corollary 3 are true but not Id and Ie , since G and S
do not commute at their coincidence point 2513. Notice that all the
Ž .hypotheses of Corollary 4 except ix are also met.
  The proof of 1, Theorem 3.5 is based on that of Khan 13, Theorem
 Ž . Ž 3.4 which itself is in error. Indeed, ‘‘H Tz, Sz ’’ is assumed to be 0 see 13,
.p. 345, lines 8, 3, 4 from the bottom , and it cannot be derived either from
the hypotheses or from any part of the proof. A similar error also recurs in
  Ž .1, p. 557, line 9 from the bottom , wherein ‘‘H Fz, Gz ’’ is taken to be 0.
 We now present a corrected version of 1, Theorem 3.5 with S T , give
an entirely different proof, and derive a sharper version of Khan’s result
 13, Theorem 3.4 as well.
Ž .Consider F, G: K CB X and T : K X satisfying
H Fx , Gy M x , y 7Ž . Ž . Ž .
Ž .when M x, y  0, x, y K , where
M x , y  d Tx , Ty 
  d Tx , Fx 
 d Ty , GyŽ . Ž . Ž . Ž .

  d Tx , Gy 
 d Ty , FxŽ . Ž .





   1    1. 8Ž . Ž . Ž . Ž .
Ž .THEOREM 3. Let X, d be a complete metrically conex space, K a
Ž .nonempty compact subset of X, F, G: K CB X , and T : K X such that
Ž . Ž . Ž . Ž .7 , 8 , vi , and vii are satisfied. Suppose that T is pointwise R-weakly
commuting with each of F and G, and maps T , F, and G are continuous on
K. Then F, G, and T hae a common coincidence point z. Further, F, G,
and T hae a common fixed point proided Tz is a fixed point of T.
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Proof. In view of the last part of Corollary 2, it is enough to show that
Ž .F, G, and T have a common coincidence. We claim that M x, y  0 for
some x, y K. Otherwise the function
q x , y H Fx , Gy M x , yŽ . Ž . Ž .
Ž . Ž .is continuous and satisfies q x, y  1 for x, y  K K. Since K K is
compact, there exist u,   K such that
q x , y  q u ,   k 1Ž . Ž .
Ž . Ž .for x, y K. Consequently, H Fx, Gy  kM x, y for x, y K and some





 k  1 k k  1.Ž . Ž . Ž .
Ž .So, by Corollary 2, Tz Fz	Gz for some z K , and we have M z, z 
Ž . Ž .0, contradicting M z, z  0. Therefore M x, y  0 for some x, y K ,
Ž .and this implies Tx Fx and Tx TyGy. If M x, x  0, then TxGx,
Ž . Ž . Ž . Ž .and if M x, x  0, then 7 implies 1   d Tx, Gx  0, yielding
Ž . Ž .TxGx. Similarly, in either of the two cases M y, y  0 and M y, y 
0, Ty Fy. This proves that F, G, and T have a common coincidence.
Ž .COROLLARY 5. Let X, d be a complete metrically conex metric space,
Ž .K a nonempty compact subset of X, and F, G: K CB X such that F and
G are continuous and
H Fx , Gy  d x , y 
  d x , Fx 
 d y , GyŽ . Ž . Ž . Ž .

  d x , Gy 
 d y , FxŽ . Ž .
Ž .for all distinct x, y K , where  ,  ,  satisfy 8 . If for any x K ,
FxGx K , then there exists a common fixed point of F and G in K.
Proof. It comes from Theorem 3 when T the identity map.
Remark 5. Theorem 3 with FG presents a corrected version of 2,
Theorem 3.3 under weaker conditions. Corollary 5 presents an improved
 version of Khan’s result 13, Theorem 3.4 , since the additional condition
0 2
 2
 4 1 used by him is not required in Corollary 5. Corol-
 lary 5 with FG improves one of the main results of Itoh 8 .
 The following is a corrected version of 1, Theorem 3.5, with  0 .
Ž .THEOREM 4. Let X, d be a complete metrically conex metric space, K
Ž .a nonempty compact subset of X, F, G: K CB X , and S, T : K X such
Ž . Ž . Ž . Ž . Ž .that i , ii , ix , x , 8 with  0 and the following are satisfied:
Ž . Ž . Ž . Ž .H Fx, Gy  m x, y , when m x, y  0, x, y K , where m x, y 
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 Ž . Ž .  Ž . Ž . d Tx, Fx 
 d Sy, Gy 
  d Tx, Gy 
 d Sy, Fx . Then all the conclu-
sions of Theorem 2 are true.
Proof. It may be completed following the proof of Theorem 3 and
using Theorem 2.
 Example 4.1 of 1 is intended to verify the hypotheses of Theorem A.
However, not all the maps under consideration are well defined. For
   4example, F at x 1 has two images 12, 0 and 0 .
The following question merits attention: Do Theorems 1 and 2 hold
Ž . Ž .when 4 is replaced by 3 ? If this question has an affirmative answer, then
Ž . Ž .the following question arises: Do Theorems 1 and 2 hold when 2 and 4
are replaced by a more general condition
H Fx , Gy   max d Tx , Sy , d Tx , Fx , d Sy , Gy ,Ž . Ž . Ž . Ž .
d Tx , Gy 
 d Sy , Fx 2 ,4Ž . Ž .
where 0  1?
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